
Proc. 10th Int. Conf. on Mathem. and Computer Modelling and Scienti�c Computing, Boston, July 1995, published in:Mathematical Modelling and Scienti�c Computing, vol. 6, pp.325-330, 1996SYSTEMATIC GENERATION OF MODELS FOR CRYSTALSTRUCTURESHans{Joachim KleinInstitut f�ur Informatik und Praktische Mathematik, Universit�at Kiel, 24098 Kiel, GermanyABSTRACTA method is given for the systematic generation of graphs representing known or hypotheticalpolyhedral topologies of crystals. The method is complete for some interesting types of polyhedraltopologies insofar as all topologies which are possible under reasonable assumptions concerningcrystal properties are generated. Restriction modules can be coupled with the enumeration al-gorithm such that only graphs are obtained representing topologies with speci�c properties. Fortetrahedral topologies, a technique is described for the embedding of graphs into three{dimensionalEuclidean space.KEYWORDScrystallography, prediction of structures, polyhedral networks, polyhedral topologies, symmetries,periodic graphs, graph enumeration, three{dimensional embeddingINTRODUCTIONIt is considered an interesting challenge to predict possible structures of inorganic crystalline solidsfrom the knowledge of their chemical composition (Pannetier et al., 1990) or from speci�ed topolog-ical characteristics (O'Kee�e and Brese, 1992). Usual approaches to this problem start with initialcoordinates of atoms and some parameters of a unit cell. They derive a potential arrangement ofatoms by searching for minima with respect to a given energy model or by optimizing arrangementswith respect to given rules using techniques like simulated annealing (Kirkpatrick et al., 1983).In this paper, we propose a di�erent approach which is based on the modelling of atoms and theirbonds in in�nite perfect crystals by graphs. This modelling is usually done at the level of so{calledcoordination polyhedra. Coordination polyhedra are strongly bonded complexes of atoms with oneatom located in the centre and adjacent atoms determining the corners of a polyhedron. Neigh-bouring polyhedra may be connected by sharing one or more atoms. Complex polyhedral networkscan result from these connections.For many crystals a single type of polyhedron and a single type of connection are su�cient forstructure modelling, thus allowing a simple description of polyhedral networks by in�nite graphs.The vertices of these graphs represent polyhedra, the edges represent connections between polyhe-dra. Because of the periodicity of crystals, each graph can be represented by a �nite three{periodic1



graph (Chung et al., 1984, Goetzke et al., 1988). Using operations of the so{called space group ofa crystal as labels of edges it is possible to transform such a periodic graph into a digraph withvertices corresponding to points of a not necessarily unique fundamental domain called asymmetricunit.This kind of minimal description is used as a basis for an enumeration algorithm generating modelsof possible crystal structures as follows: given an asymmetric unit of a space group and upper limitsfor the number and degree of vertices, graphs are produced for each admissible labeling of verticesand edges by so{called Wycko� positions and symmetry operations, resp. Natural neighbourhoodconditions for vertices involve restrictions on the choice of symmetry operations such that the num-ber of labels to be considered is always �nite.Even for a small number of vertices and edges the number of di�erent graphs is very large for mostspace groups. However, the method allows restrictions to be integrated such that it is possible totailor the enumeration process to speci�c classes of crystals. Topological properties such as the oc-currence and con�guration of rings (Goetzke and Klein, 1991) may be checked during enumerationby e�cient algorithms.For graphs representing tetrahedral frameworks of silicates, we have developed an embedding al-gorithm which places vertices into the centre of gravity of all its neighbours and which correctsarrangements of atoms using knowledge of interatomic distances and bond angles.REPRESENTATION OF POLYHEDRAL NETWORKS BY GRAPHSThe description of crystals is usually based upon the idea of a perfect structure. Such an idealstructure can be understood as an in�nite three{dimensional space (crystal space) composed ofcells which are arranged in a grid{like manner. Since all cells are considered to be identical in theiratomic arrangement, a single specimen called unit cell is su�cient for the description of the atomicstructure of a perfect crystal.The cells of a crystal can be identi�ed with elements of Z3 in the following way: the naturalsystem spanned by the three linear independent vectors of the unit cell is considered as the ref-erence system for the position data of all atoms. The coordinates of atoms in the unit cell areelements of Z0 = f(y1; y2; y3) 2 R3j 0 � y1; y2; y3 < 1g. Let (y1; y2; y3) 2 R3 be the coordinatesof an arbitrary atom A of a perfect crystal. Then its corresponding cell is given by the functionzj R3!Z3; z(y1; y2; y3) = (by1c; by2c; by3c).An atom A0 is called translationally equivalent to A if the di�erence of the coordinates of A andA0 is an element of Z3. The coordinates of the atom u(A) in the unit cell which is translationallyequivalent to A are given by (y1 � by1c; y2 � by2c; y3 � by3c).Chemical bonds in materials are often modelled with the help of coordination polyhedra. Eachpolyhedron represents the bonds between a central atom and immediate neighbouring atoms. Twoadjacent polyhedra may be connected by having one or more peripheral atoms in common. Thus,they may share a corner, an edge, or a face. Complex polyhedral networks can result from theseconnections. If geometric information such as interatomic distances and bond angles is not of in-terest, polyhedral networks are sometimes called polyhedral topologies.In this paper, we consider polyhedral networks (topologies) in crystals consisting of a single typeof polyhedron and a single type of connection between polyhedra. For many classes of crystalsthis kind of polyhedral network is well suited for the description of structures. Our approach,however, can be extended to arbitrary networks. The restriction to homogeneous networks allowsto represent the main features of each polyhedral network P by an in�nite polyhedra graph GP inthe following way: the vertices of GP represent the polyhedra of P ; there is a function pos which2



assigns to each vertex v the coordinates of the atom in the centre of the polyhedron correspondingto v; the edges of GP are determined by the connections between polyhedra in P . What we looseby this form of representation are the coordinates of the peripheral atoms.Polyhedral networks of crystals may consist of a �nite or an in�nite number of connected parts.The connected parts may be �nite or in�nite, too, forming multiple polyhedra, rings, chains, lay-ers, or frameworks. Thus, a polyhedra graph can have a �nite or an in�nite number of �nite orin�nite connected units. However, because of translational equivalence it is possible to representeach polyhedra graph by a �nite digraph.De�nition : A direction{labeled graph Gdl = (V;E; pos; �; !; �) is a �nite, labeled digraph with setV of vertices, set E of edges, and functions pos : V ! Z0; �; ! : E ! V , and � : E ! Z3 suchthat the following holds: an edge e 2 E is directed from the start{vertex �(e) to the end{vertex!(e) and labeled by �(e); there is exactly one complementary edge ~e 2 E di�erent from e with�(~e) = !(e); !(~e) = �(e) and �(~e) = ��(e).The direction{labeled graph (dl{graph) of a polyhedral network P of a crystal S is derived fromthe corresponding polyhedra graph GP with set VP of vertices and set EP of edges as follows:V := fv 2 VP j pos(v) 2 Z0gE := fej e uniquely determined by (9fv; v0g 2 EP )(�(e) = v^!(e) = u(v0)^ �(e) = z(pos(v0)))gThe vertices of a dl{graph Gdl correspond to the polyhedra with central atom in the unit cell of acrystal S. For each vertex vi of Gdl there is an edge directed to a vertex vj if the correspondingpolyhedra pi; pj are connected or if pi is connected to a polyhedron ~pj with central atom in aneighbouring cell of the unit cell and if (the central atom of) ~pj is translationally equivalent to (thecentral atom of) pj . The edge with start{vertex vi and end{vertex vj is labeled by (0; 0; 0) in the�rst case and by an element of f0; 1;�1g3 identifying the cell of ~pj in the second case. There areredundant edges in Gdl because each edge has a complementary edge. This redundancy is usefulfor the formulation of algorithms.The following �gure shows part of a tetrahedral layer in semenovite and the corresponding con-nected unit of its dl{graph (there is another layer in semenovite which is symmetrically equivalentto the one shown in the �gure, i.e. the dl{graph of the tetrahedral network of semenovite has twoconnected units which are identical except for the function pos). In the drawing of the graph, apair of complementary edges � t�!�, ��t ��, t 2Z3 n f(0; 0; 0)g, is represented by a single edge ��t+�.The edges without labels represent pairs of complementary edges labeled by (0; 0; 0).
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Fig. 1: Part of the tetrahedral layer found in semenovite and its representation by a dl{graph3



Direction{labeled graphs are well suited for the formal de�nition and computation of those prop-erties of polyhedral networks which refer directly to translational symmetry. The dimensionalityof a network, for example, is the number of elements in a basis of the cycle space of its dl{graph.These graphs, however, are in general not the most comprehensible form to represent polyhedralnetworks. The reason for this are symmetries other than translational symmetries which can befound in most crystals. As an example, consider the crystal semenovite. In this structure mirrorplanes, a centre of inversion, twofold rotation and screw axes, and diagonal glide re
ection planescan be found. Some of these symmetries can be perceived in the part of the layer shown in Fig. 1.The symmetry operations of a three{dimensional crystal pattern form a group called the spacegroup of the crystal. Because of the in�nity of crystal spaces and because of translational sym-metries, this group is always in�nite. For each space group there is a not necessarily uniquefundamental domain called asymmetric unit. Each point in a crystal space can be obtained byapplying symmetry operations of its space group to a point in such an asymmetric unit. An asym-metric unit is minimal insofar as none of its points can be removed without loosing the generatingproperty. It is not necessarily part of a single unit cell.A three{dimensional crystal space can be considered as being composed of `copies' of an arbitraryasymmetric unit instead of `copies' of a unit cell. Each such copy can be obtained by applying asymmetry operation of the space group to all points of the asymmetric unit. Conversely, symme-try operations of the space group can be used to `fold' a dl{graph in such a way that only thosepolyhedra are represented as vertices whose central atom is located in the asymmetric unit. Edgeshave to be labeled appropriately.De�nition: Let Gdl be the dl{graph of a polyhedral network P of some crystal S and let As be anarbitrary but �xed asymmetric unit of S. The symmetry{labeled graph Gsl of P with respect toAs (sl{graph of P ) is a �nite, labeled digraph with a set Vas of vertices, a set Eas of edges labeledby symmetry operations, and a function pos : Vas ! R3. It is derived from Gdl as follows:Vas contains for each vertex v of Gdl exactly one vertex vas with: pos(vas) 2 As and pos(v) canbe obtained from pos(vas) by application of a symmetry operation of the space group of S. Vascontains no other vertices. Two vertices v1, v2 2 Vas are connected by an edge with start{vertexv1, end{vertex v2, and symmetry operation � as label i� there is an edge e in Gdl such that thefollowing holds: �(e) = ~v1; !(e) = ~v2, and symmetry operations ~�1; ~�2 exist in the space group ofS with pos(~v1) = ~�1(pos(v1)), pos(~v2) = ~�2(pos(v2)), and � = ~��11 � �(e) � ~�2.The next �gure shows the sl{graph derived from the dl{graph in Fig. 1. The choice of the verticesfor the asymmetric unit can be inferred from the drawings. For the labeling of edges the follow-ing symmetry operations are used: re
ection (�m; �m0), screw rotation (�21), and a translation by(0;�1; 0) (�t). Edges of the graph labeled with the identity are drawn without label.
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Fig. 2: Symmetry{labeled graph for the tetrahedral layers of semenovite4



SYSTEMATIC ENUMERATION OF GRAPHSAs we have demonstrated in the preceding section, each polyhedra graph can be represented byan sl{graph. Since there is no redundancy in this representation, sl{graphs are well suited as abasis for enumerating polyhedra graphs. In an enumeration process it makes no sense to assignreal coordinates to vertices for obvious reasons. Therefore the function pos has to be changed.It cannot be dropped completely since symmetry operations have to be applied to coordinates ofvertices when an sl{graph is unfolded to a dl{graph. For the application of symmetry operationsit is su�cient to have general coordinates (x; y; z). However, it is more favourable to use informa-tion about the e�ect of the application of symmetry operations on points in the asymmetric unit.Each point belongs to a so{called Wycko� position, which is a set of points having conjugate sitesymmetry groups. The site symmetry group of a point is the set of symmetry operations whichleave a point invariant. The number of di�erent Wycko� positions is �nite for each space group(� 27). Because of the equivalence of its elements with respect to the symmetry operations of theunderlying space group, it is su�cient to choose a single representative for each Wycko� positionas a possible value of the function pos. In Hahn (1992), the Wycko� positions of all space{grouptypes are documented. A letter is assigned to each Wycko� position being unique for each type.We use this letter for referencing Wycko� positions. Let us call the type of graph resulting fromthese modi�cations potential sl{graph.In order to reduce the number of potential sl{graphs which cannot contribute to the set of hypo-thetical polyhedral networks, some restrictions can be integrated into the enumeration algorithmfor potential sl{graphs. First, symmetry operations used as labels of edges in a potential sl{graphhave to be elements of the same space{group type. This is a direct consequence of the uniquenessof space groups for crystal structures. The second restriction concerns the way symmetry oper-ations can be combined as labels in a graph. There are interdependencies and incompatibilitiesof labels implied by the group structure of symmetry operations. The third restriction has a lessformal but none the less safe background. It is a consequence of the nature of bonds: interatomicbonds are assumed to be possible only in certain ranges of distances; therefore it makes no sense toconsider symmetry operations as labels which represent bonds between polyhedra having too largedistances. As a consequence of this natural condition, only a �nite subset of symmetry operations ofeach (in�nite) space{group type is relevant for the enumeration of potential sl{graphs. In order todetermine this subset, we use so{called neighbourhoods. The �rst neighbourhood of an asymmetricunit As is the set of `copies' of As sharing one or more points with As. The shape of asymmetricunits can be rather complicated for space groups with higher symmetry. Furthermore, in spacegroups with lower symmetry where asymmetric units are parallelepipedes, the spanning vectorscan be quite di�erent in length. Therefore we allow to parameterize the enumeration process andto consider not only symmetry operations generating positions in the �rst neighbourhood but alsooperations leading into the second or higher neighbourhoods in speci�c directions. Because of therestrictions concerning the length of interatomic bonds, there are, however, only few space{grouptypes for which higher neighbourhoods have to be taken into account.The set of potential sl{graphs contains all representatives of homogeneous polyhedral topologies. Ifthe number of polyhedra which are not translational equivalent is restricted, then for each type ofpolyhedron the set of potential sl{graphs to be considered as representatives of possible topologiesis �nite and can be computed e�ectively.In order to make the enumeration goal{directed, i.e. to tailor it to graphs representing polyhedraltopologies with speci�c properties, the enumeration algorithm can be parameterized. The followingparameters are possible as input: � the space group type, � the number of neighbourhoods inspeci�c directions, � the number of vertices (polyhedra) in the asymmetric unit (min, max) and inthe unit cell (max), � the degree of vertices (min, max), � the dimensionality of the network, and� Wycko� positions of vertices.Additionally, there is an interface to combine the algorithm with restriction modules checking5



properties such as the existence of rings of a certain type.Some of the parameters reduce the number of sl{graphs to be generated. The maximal number ofvertices in the unit cell, for example, can restrict the choice of Wycko� positions for the vertices.Other parameters, dimensionality for example, can be tested after the unfolding of a given sl{graphto a dl{graph has been performed. An sl{graph Gsl can be unfolded to a dl{graph by applyingfor each edge e of Gsl the symmetry operations of the space{group type of Gsl to pos(�(e)) and�(e)(pos(!(e))). At the level of dl{graphs, some interesting properties can be tested not referringto coordinates of atoms, i.e. being of topological nature. Among these properties is the ring con-�guration of polyhedral topologies (see Goetzke and Klein, 1991) which plays an important role forthe analysis of several classes of crystals.EMBEDDING OF TETRAHEDRAL TOPOLOGIESDirection{labeled graphs generated by the enumeration algorithm contain topological informationand the Wycko� position of each vertex. Moreover, the space group type is known for which thegraph has been produced. Depending on this type, there is some information on angles betweenaxes and the ratio of the lengths of axes. For the embedding of a polyhedral graph into three{dimensional Euclidean space we have to determine cell data, i.e. the length of each axis and anglesbetween axes for those space group types for which these angles are not �xed. The position dataof vertices have to be determined with respect to this vector space.For tetrahedral topologies, which are very frequent, we have developed an embedding algorithmproceeding as follows: �rst, each vertex is embedded into the centre of gravity of its neighbours.Because of translational symmetry, this can be done by solving a simple system of linear equations.Sometimes, collisions may occur which have to be treated appropriately. In the second phase of thealgorithm, positions of atoms and cell parameters are optimized with respect to interatomic dis-tances and bond angles. The concrete values depend on the kind of atoms assumed. Optimizationcan be done alternatively by using simulated annealing or gradient methods. Tests with a largenumber of silicates have shown this proceeding to be very promising.REFERENCESChung S.J., T. Hahn, and W.E. Klee (1984). Nomenclature and Generation of Three{Periodic Nets:the Vector Method. Acta Cryst., A 40, 42-50.Goetzke, K., H.{J. Klein, and P. Kandzia (1988). Automatic Crystal Chemical Classi�cation ofSilicates Using Direction{labeled Graphs. In: Proc. Int. Workshop on Graph{Theoretic Conceptsin Computer Science (H. G�ottler and J. Schneider, eds.), Lecture Notes in Computer Science, 314,242-254, Springer, Berlin.Goetzke, K. and H.{J. Klein (1991). Properties and E�cient Algorithmic Determination of Di�e-rent Classes of Rings in Finite and in In�nite Polyhedral Networks. J. of Non{Crystalline Solids,127, 215-220.Hahn T. (ed.) (1992). International Tables for Crystallography, Vol. A, Space{Group Symmetry.Kluwer Academic Publishers, Dordrecht.Kirkpatrick S., C.D. Gelatt, and M.P. Vecchi (1983). Simulated Annealing. Science, 220, 671-680.O'Kee�e M. and N.E. Brese (1992). Uninodal 4{Connected 3D Nets. I. Nets without 3{ or 4{Rings.Acta Cryst., A48, 663-669.Pannetier J. et al. (1990). Prediction of Crystal Structures from Crystal Chemistry by SimulatedAnnealing. Nature, 346, 343-345. 6


